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Summary. The Wiener (W) and hyper-Wiener (WW) indices of alkanes are found to be highly cor-
related. Hence, these two structure-descriptors pertain to the very same structural features of the
underlying molecules and one of them may be viewed as superfluous. For alkane isomers with n
carbon atoms, WW is bounded from both above and below by linear functions of W. The upper bound
(n/4+2)W —n(n— 1)(n+ 1)/4 and the lower bound (3/2)W — (n — 1)/2 for W< W, and 3n/4)W —
n(n—1*(n+ 1) for W> Wy, where Wo=(2/3)(n — 1)(n’ —n—1)/(n—2) are better than the pre-
viously reported estimates of the same kind. In spite of this, the correlation between W and WW is
curvilinear.
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Introduction

The Wiener index [1] (W) — the sum of distances between all pairs of vertices of
the molecular graph — belongs among the oldest graph-based structure descriptors
(= “topological indices”) [2—4]. Numerous of its chemical applications were
reported [2, 5-7] and its mathematical properties are understood in due detail
[2, 8, 9].

Ten years ago another graph-based structure descriptor was introduced [10],
named hyper-Wiener index and denoted by WW. It is defined as follows: Let 7 be a
tree and let u and v be two of its vertices, connected by a (unique) path m,,. Let
ni(u, v) and n,(u, v) denote the number of vertices of 7, lying on the two sides of
T, Then WW is given by Eq. (1) with the summation going over all pairs of
vertices (both adjacent and non-adjacent) of T.

WW = WW(T) = ny(u,v) - ny(u, v) (1)
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Note that if the summation on the right-hand side of Eq. (1) is restricted to ad-
jacent vertices u, v, then it becomes equal to the ordinary Wiener index W = W(T).

The hyper-Wiener-index concept rapidly gained popularity among mathemati-
cal chemists [4] and its applications in QSPR and QSAR studies as well as various
methods for its computation followed [11-26]. Curiously, however, the relation
between the hyper-Wiener and the Wiener indices was not investigated until quite
recently [27].

In Ref. [27] it was found that for a fixed value n of the number of vertices of the
molecular graph, WW is bounded from both below and above by linear functions of
W. This observation suggests that a linear correlation between WW and W might
exist. In this work we examine the connection between WW and W more carefully
and find that, indeed, these structure-descriptors are highly correlated but the cor-
relation between them is not linear. Further, we now significantly improve the
earlier reported [27] bounds for WW.

Results and Discussion

Estimating WW

A tree is a connected acyclic graph [2]. A tree in which no vertex has a degree
greater than 4 is called a chemical tree. Chemical trees are the molecular graphs of
alkanes [2].

In Ref. [27] the inequalities shown in Egs. (2) and (3) were deduced, valid for
all n-vertex trees 7 (and thus valid for the molecular graphs of all isomeric alkanes
with n carbon atoms).

WW(T) > S W(T) a1+ 1) @)
WW(T)S(;—F1)W(T)—%(n2—2n+2)(n—1). (3)

Note that in Ref. [27], the multiplier (n/2 + 1) in Eq. (3) was erroneously given
as (n/2—1).

There exist somewhat better estimates of the same kind. In the Appendix we
show that Egs. (2) and (3) are improved by Egs. (4) and (5), respectively.

WW(T) > SW(T) — 3 (n 1) @
WW(T)§<Z+2)W(T)—3—1n(n— )(n+ 1), (5)

More precisely, the lower bound given in Eq. (4) is better than that in Eq. (2) only
for W< W,, where Wy =(2/3)(n — 1)(n> —n — 1)/(n — 2) is the solution of Eq. (6).

3n 1 3 1
ZW(T)—En(n— 1)*(n+1) :EW(T)—E(n— 1) (6)
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Fig. 1. Hyper-Wiener indices (WW) of trees with n =9 vertices versus the respective Wiener indices

(W); heavy dots indicate the star (smallest W and WW) and the path (greatest W and WW); lines a and

b pertain, respectively, to the lower bounds given by Egs. (2) and (4); lines ¢ and d stand for the

upper bounds given by Egs. (3) and (5), respectively; combination of b (for W< W) and a (for
W > Wy), Eq. (6), provides a still better lower bound for the hyper-Wiener index

In view of this, the best lower bound for the hyper-Wiener index that we can offer
is given in Eq. (7).

SW(T)-Lt(n—1) for W< W,
w2 { 3z’%W(T) - %n(n — 1) (n+ 1) for W= W 7

The quality of the estimates of Eqs. (2)—(6) is illustrated in Fig. 1.

Correlation between Wiener and Hyper-Wiener Index

The existence of lower and upper bounds for the hyper-Wiener index, that both are
linear functions of the Wiener index, suggests that there must exist some correla-
tion between W and WW and that it might also be linear [27]. In order to examine
the validity of this hypothesis, we have undertaken extensive numerical testing.
Our results only partially corroborate the earlier expectations.

Our main findings are the following: (1) Within sets of chemical trees (i.e.,
within sets of isomeric alkanes), as well as within sets of general trees with a fixed
number n of vertices, there is a remarkably good correlation between W and WW.
(2) This correlation is curvilinear.

In Fig. 2 are shown two typical examples, the WW/W-correlation for chemical
and general trees with n=10. Here, all possible trees have been considered. In
Fig. 3 are shown analogous examples for n =40. Because the number of alkane
isomers and general trees with n =40 is enormously large, we have used samples
consisting of 100 chemical or general trees, constructed uniformly by random us-
ing an appropriate random-tree generator [28].

Some characteristic data on the correlations examined are collected in
Table 1.

In view of the fact that both W and WW are easily computed [11-15,
18, 23-25], we did not intend to design a formula that would enable the (approx-
imate) evaluation of WW from the known W-value. Therefore, we examined only
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Fig. 2. Correlation between the Wiener and hyper-Wiener indices for the 75 isomeric decanes (left)
and for the 106 ten-vertex trees (right); for details see Table 1
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Fig. 3. Correlation between the Wiener and hyper-Wiener indices for 100 randomly selected 40-
vertex chemical trees (left) and for 100 randomly selected 40-vertex general trees (right); for details
see Table 1

the linear and quadratic functional dependence between W and WW, namely
WWaa;W +ay and WW = b,W? + byW + by, aiming at proving (or disproving)
the non-linearity of the respective correlation. The data shown in Table 1 convinc-
ingly confirm that the correlation is remarkably good and that it is non-linear.
(Recall that we don’t claim that it is quadratic, just that the quadratic probe func-
tion gives significantly better results than the linear one. This suffices to infer
curvilinearity.)

Next, what can be observed from the correlation coefficients given in Table 1
is that there is hardly any difference between the behavior of chemical
trees and general trees. Thus, the close analogy in the structure-dependence
of W and WW is a generally valid property, by no means limited to chemical
trees.

In all cases examined the multiplier b, (computed by least-squares fitting) was
found to be positive-valued, implying that the function describing the correlation
between W and WW is convex.
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Table 1. The correlation coefficients for the linear (R;,) and quadratic (Rgyaq) correlation between the
Wiener and the hyper-Wiener indices of chemical trees (CT) and general trees (GT) possessing n
vertices; note that in all cases Rg,aq is significantly closer to unity than Ry,; #CT and #GT are the
respective sample sizes; up to n = 10 all possible chemical and general trees were considered, whereas
for n > 20 the samples examined consisted of 100 randomly generated species; the curvilinearity of all
the examined correlations was found to be statistically significant (by means of F-test at a 99%
confidence level); exceptionally, in the cases n =6 and n =7, for chemical trees the curvilinearity
could be verified only at a 95% confidence level; in all examined cases the curve describing the
correlation is convex

CT GT
n #CT Rlin unad #GT Rlin unad
6 5 0.9987 0.9998 6 0.9941 0.9999
7 9 0.9955 0.9993 11 0.9905 0.9996
8 18 0.9944 0.9993 23 0.9888 0.9994
9 35 0.9945 0.9990 47 0.9869 0.9991
10 75 0.9937 0.9987 106 0.9861 0.9988
20 100 0.9926 0.9985 100 0.9870 0.9960
30 100 0.9903 0.9976 100 0.9845 0.9975
40 100 0.9874 0.9955 100 0.9894 0.9949
Conclusion

It is somewhat surprising that the existence of the excellent correlation between
the Wiener index and its 40 years younger congener, the hyper-Wiener index,
was not earlier reported. One of the first steps to be done after a new topological
index is put forward, should be the testing of its independence of the already
known indices, especially of those that are conceptually so closely related as
WW and W.

Anyway, we have now shown that both Wand WW have the very same depend-
ency on the structure of the underlying molecule, implying that their simultaneous
usage in QSPR and QSAR studies would be redundant. We have demonstrated this
for chemical trees, i.e., for alkanes. It may be that in the case of other types of
compounds (especially those other than hydrocarbons, whose molecular graphs
possess weighted edges and vertices) there is a greater degree of dissimilarity
between the behavior of W and WW. If so, then the hyper-Wiener index would
deserve to be retained among the molecular structure-descriptors that are attractive
and useful from a practitioner’s point of view. This (unlikely) possibility would first
have to be convincingly demonstrated, which the present authors are not intending
to attempt.

Appendix

A Lower Bound for WW in Terms of W

For a tree T the relation shown in Eq. (8) between WW and W is known [15] where
d(u, v) is the distance between the vertices u# and v, and where the summation goes
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over all pairs of vertices of T.

WW(T) = %W(T) +%Zd(u, v)? (8)

Recall that in this notation W(T) is given by Eq. (9).
W(T) = d(u,v) (9)
u,v

Now, the sum on the right-hand side of Eq. (8) can be rewritten as shown in
Eq. (10) with "*¥ and $_"°"% indicating summation over pairs of adjacent and
non-adjacent vertices, respectively.

adj nonadj

> d(uv)? = duv) + Y d(u,v)’ (10)

u,

An n-vertex tree has n—1 edges, i.e., n — 1 pairs of adjacent vertices. For
adjacent vertices it is d(u,v) =1 and thus, Eq. (11) is true.

adj

Zd(u,u>2:n—1. (11)

For non-adjacent vertices d(u,v)>2, and therefore d(u, v)zz 2d(u,v), implying
Eq. (12).

nonadj nonadj
D d(w,v)’>2> " d(u,v) = Z[Zd(u,v) —(n— 1)]

= 2[W(T) — (n— 1)] (12)

Substituting Egs. (11) and (12) back into Eq. (10) yields Eq. (13) which combined
with Eq. (8) results in the lower bound defined by Eq. (4).

Zd(u,u)2 >2W(T) — (n—1) (13)

Note that equality in Eq. (4) occurs if all pairs of non-adjacent vertices are at
distance 2, i.e., in the case of stars.

An Upper Bound for WW in Terms of W

The statistical analysis outlined in a previous section clearly shows that the corre-
lation between the Wiener and the hyper-Wiener index is curvilinear and convex.
Any convex function f{x) has the following property: Let x; <x,, and let g(x) be the
straight line drawn through the points (x;, fix;)) and (x,, fix,)). Then g(x)>f(x)
holds for any x, x; <x<x,, i.e., in the interval [x;, x,], g(x) is an upper bound for
Jx).

The fact that among all n-vertex trees the star S,, has minimum W- and WW-
values, and the path P, has maximum W- and WW-values is long known [2, 18, 19].
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Further, Eq. (14) is valid.
W(S,) =(n—1)7% WW(S,) =5(n—1)(3n—4)
W(p,) = <n—;— 1>; WW(P,) = <n1—2)

The upper bound given by Eq. (5) is just the straight line drawn through the
points (W(S,), WW(S,,)) and (W(P,)), WW(P,)).

| =

(14)
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